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^ ■ close in a Lie algebra, affects the coalgebra of the Poincare group and the algebra of 

^T) . universal enveloping algebra. The usual pointwise multiplication has to be replaced by a 



deformed star product. The measure problems in the K-Minkowski spacetime are avoided 



because the measure function is naturally absorbed in the new ^/^-product. That reflects 
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Abstract: Noncommutative (NC) K-deformation of a spacetime, whose NC coordinates ^« — ^ 
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itself in the way we have constructed the deformed NC scalar c/)^ action. The action is v — J 

further modified by adding a harmonic oscillator term and expanding up to linear order in C !) 

the deformation parameter a. This leads to an effective theory on commutative spacetime. 
S^ ■ Furthermore, we obtain modified equations of motion and conserved currents. In order to 

compute the tadpole contributions to the scalar field propagation/self-energy, we anticipate 
that statistics on K-Minkowski spacetime is specifically deformed. Thus, our prescription in 
fact corresponds to a hybrid approach of standard quantum field theory (QFT) and NCQFT 
on K-deformed Minkowski spacetime. The results are analyzed in the framework of the two- 
point Green's function for low, intermediate and Planckian energies, respectively. For low 
energies E, the dependence of the tadpole contribution on the K-deformation parameter 
a completely drops out. At Planckian propagation energies, it tends to a finite fixed 
value, which only depends on the Planckian energy and/or the K-deformation parameter. 
Semidassical/hybrid behavior of the first order quantum effects do show up due to the 
K-deformed momentum conservation law. The mass term of the scalar field is shifted 
and these shifts are dramatically different at different propagation energies. At Planckian 
energies, the K-modified dispersion relations show the genuine effect of birefringence. We 
conclude that our results could have physical consequences e.g. in the NC Higgs sector and 
the connection to quantum gravity. 
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1. Introduction 

Two basic areas of interest, namely quantum gravity and the deformation of the Poincare 
algebra, make K-Minkowski spacetime to an important subject of theoretical investigations 
from both, physical as well as mathematical perspective. 

An argument in favor of K-Minkowski spacetime is the indication that it could arise in 
the context of quantum gravity coupled to matter fields |||, |2| . These considerations show 
that after integrating out the gravitational topological degrees of freedom of gravity, the 
effective dynamics of matter fields is described by a noncommutative quantum field theory 
which has a «;-Poincare group as its symmetry |^, |^, ^. In this context, the k- Minkowski 
spacetime can be, and there are some arguments to support this, considered as a flat limit 
of quantum gravity. 

Second, K-Minkowski spacetime emerges naturally from the K-Poincare algebra Ig, 
1^, |8|, |9|, [l^, which provides a possible group theoretical framework for the describing of 



the so-called Doubly Special Relativity (DSR) theories |11, 12, 13, 14, 15, 16]. Although 
different proposals for DSR theories can be considered as different bases [^, 16 1 for the 
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K-Poincare algebra, they all represent the same noncommutative structure. This situation 
makes noncommutative field theories on noncommutative K-Minkowski spacetime an even 
more interesting subject to study. Various attempts have been undertaken in this direction 
by many authors 0, [l|, |l|, |2|, ^, ||, |23|. 

Recently, it was established that K-Minkowski spacetime leads to modification of the 
particle statistics described by deformed oscillator algebras p3, I 



26, 27, 28, 29 



Deformation quantization of Poincare algebra can be performed by means of the twist 



operator [31, 32, 



35] which happens to include the dilatation generator. Thus, 



the twist belongs is an element of the universal enveloping algebra of the general linear 



algebra [^, ^, ^ 



9|, 40|. It also gives rise to a deformed statistics on K-Minkowski 
spacetime |25, ^, ^, Q. However, since the K-Poincare Hopf algebra is a quantum 
symmetry described only approximatively by the twisted quantum algebra, identifying 
charges and conserved current and therefore also establishing a Noether theorem could be 
problematic. A certain modification of momentum conservation is necessary in order to 
obtain a reasonable physics out of the twisted Hopf algebra prescription of our theory. 

The transition from the K-deformed to the commutative Minkowski spacetime in the 
case of the free fields was described in p3|], while the star product and interacting fields were 



treated in the same approach in [ 44 1 . The problem of UV/IR mixing and K-deformation was 
discussed in |4g]. In correspondence to the above observations, as well as by comparing the 
deformed dispersion relations to the corresponding time delay calculations of high energy 
photons, bounds can be put on the deformation (quantum gravity) scale |^, 47, |4^. In 
the present work, we are work with commutative Minkowski spacetime endowed with a k- 
deformed star product. The considered K-deformed symmetry of the Minkowski spacetime 
has an undeformed Lorentz sector (classical basis P9| , 15, |l^, |5^) and its noncommuta- 
tive coordinates close in the K-deformed Lie algebra and additionally, form a Lie algebra 
together with the Lorentz generators |5l|, |5^, ^, ^]. This deformation of the spacetime 
structure affects the algebra of physical fields, leading to a modification of the multipli- 
cation in the corresponding universal enveloping algebra. As mentioned before, the usual 
pointwise multiplication has to be replaced by a deformed star product, i.e. by the new 
star product */j. This star product together with the usual integration enjoys the impor- 



tant trace property |54|. The integral measure problems for K-Minkowski spacetime are 
avoided, since the measure function is naturally absorbed in the new ^/^-product. The 



action is further modified by adding a harmonic oscillator term |55, 56 1 and expanding up 
to first order in the deformation parameter a. The resulting action should be considered as 
an effective theory on commutative spacetime. Furthermore, we obtain modified equations 
of motion and conserved currents to first order in a. Next, in order to compute the tadpole 
contributions to the scalar field propagation/self-energy, we anticipate that statistics on 
K-Minkowski spacetime is specifically deformed. Expanding the model was necessary in 
order to be able to compute relevant physical quantities, such as the self-energy of the 
complex scalar field (j). The above properties are very welcome, however, we have to stress 
that by truncating the K-deformed action at the linear order in the deformation parameter 



a we have lost nonperturbative quantum effects like the celebrated UV/IR mixing [45|, 
which, for example, connects NC field theories to Holography via UV and IR cutoffs in 
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a model independent way |^, 58 1. Resummation of the expanded action can in principle 
restore the nonperturbative character of the theory, see e.g. |6^, ^, ^]. Those are general 
properties of most of the NCQFT expanded/resummed in terms of the noncommutative 
deformation parameter. Holography and UV/IR mixing are possible windows to quantum 
gravity |^,g||]. 

In the same line of reasoning, we should take into account the harmonic oscillator term, 
despite that it is well known that such a term breaks translational invariance ||5^, |5^ . Our 
approach generally represents a hybrid approach of standard quantum field theory and 
NCQFT on K-Minkowski spacetime, including K-deformed momentum conservation law 



IT3, H, |g, H, |4|. 



massive scalar field mode at first order in the deformation parameter a. This is similar to 






In a next step, we discuss the results in the framework of two-point Green's function 
for low, intermediate and the Planck scale energy regime, respectively. We have found 
semiclassical behavior of the first order quantum effects, and, as a consequence, a shift of 
the mass term of the scalar field. This shift depends on the energy. Thus, the dispersion ' \J 

relations are K-deformed and we have found a genuine birefringence effects, |65, ^ of the ^~^ 

o 



the fermion field birefringence in truncated Moyal :*r-product theories [66]. 

Above, we have described the main results of this paper, which could be of physical 
importance for example for the K-deformed scalar field (Higgs) and its propagation, as well Lx-J 

as to quantum gravity. C !) 

In the first section, we give some mathematical preliminaries including the Hopf algebra 
structure of K-deformed Minkowski spacetime and star products. In the second section, we 
introduce, the hermitian realization and the corresponding star product */j. The modified 
K-deformed scalar field action based on the above notions is introduced next, and the 

equations of motion are derived. The corresponding currents are conserved. The properties ^ -' 

of our new K-deformed action on ordinary Minkowski spacetime are discussed in the last C ^ 

section. This includes K-deformed Feynman rules and the field propagation via computation ^ — ^ 

of two-point Green's function within the proposed model. 

2. Mathematical preliminaries of /c-deformed Minkowski spacetime 

2.1 Hopf algebra and star product 

We are considering a K-deformation of the Minkowski spacetime whose symmetry has an 
undeformed Lorentz sector and whose noncommutative coordinates x^, (^ = 0, 1, ..., n— 1), 
close in a Lie algebra together with the Lorentz generators M^^, {M^y = —My^) : 

[M^y, Mxp] = r]yxM^p - r]pxMyp - v^pM^x + r]ppMyx , (2.2) 

[Mpu,xx] = x^rj^x - XuTjpx - i {a^M^x - ayM^x) , (2.3) 

where the deformation parameter a^ is a constant Lorentz vector and rjpi, = diag{—l, 1, • • 
•,1) defines the metric in this spacetime. The quantity a^ = apu'^ is Lorentz invariant 
having a dimension of inverse mass squared, a^ = ^■. The above algebra satisfies all the 



Jacobi identities and therefore forms a Lie algebra with the property that in the hmit a^ — >• 
0, the commutative spacetime with the usual action of the Lorentz algebra is recovered. 
Throughout the paper we will work in natural units, h = c = 1. 

The symmetry of the deformed spacetime ( |2.lD is assumed to be described by an unde- 
formed Poincare algebra. Thus, in addition to Lorentz generators Mf^^, we also introduce 
the momentum p^ which transforms as a vector under the Lorentz algebra, 

\Pf.,Pu]=0, (2.4) 

[M^u,P\\ = VuxPi, - rj^xPu ■ (2.5) 






For convenience we refer to algebra ( |2.1| )-( ^l5| ) as a deformed special relativity algebra since 
its different realizations lead to different special relativity models with different physics en- 
coded in deformed dispersion relations resulting from such theories. This algebra, however, pj 
does not fix the commutation relation between p^ and x^. In fact, there are infinitely many hT~j 
possibilities which are all consistent with the algebra ( |2.lD -( P^ , in the sense that the Ja- 
cobi identities between all generators of the algebra are satisfied. In this way, we have an 
extended algebra generated by M^^^ , p^ and xx . Particularly, the algebra generated by p^ 
and Xi, is a deformed Heisenberg-Weyl algebra that can generally be written in the form 
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O 
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O 



[p^,x^] = -i^f,u{p), (2.6) 

where ^^i,{p) are functions of the generators p^, which are constrained by the Jacobi 
identities and the boundary conditions $^,^(0) = r]^y. The latter constraint refiects the 
requirement that the deformed NC space reduces to ordinary commutative space in the 
limiting case of vanishing deformation parameter, a^ — )• 0. 

The momentum p^ = —id^, expressed in terms of the deformed derivative d^, can 
be realized in a natural way [^2[ by adopting the identification between deformed and 
undeformed derivatives, d^ = d^, implying p^ = —id^. The deformed algebra (^)-( [2^ ) GD 

then admits a wide class of realizations 

x^ = x"$«^(p) , (2.7) 

M^u = x^du - Xud^ , (2.8) 

in terms of the undeformed Heisenberg algebra 

[Xf^Xy] = 0, [di,,dy] = 0, [di,,Xy\ = r]f,u (2.9) 

and the analytic function ^^^(p) satisfying the boundary conditions <I>a^(0) = t/q,^. At 
this point 9^'s represent abstract generators of the undeformed Heisenberg algebra. Later 
on, we will use a concrete representation in terms of differential operators, d/dx^. By 
taking this prescription, the deformed algebra (|2.1[) -( ^^ is then automatically satisfied, 
as well as all Jacobi identities among the generators x^, M^jy, and p^. 

Some comments are in order. The algebra (|2.lD - (|2.5D , as it is defined, does not closed. 
Closing it by the relations ( |2.6D , we obtain an extended algebra containing the deformed 



Heisenberg-Weyl subalgebra. The realization ( p.Tl) indicates that the deformed Heisenberg- 
Weyl algebra (|2.1| ), (p.4[), ( |2.6| ) and the undeformed one (|2.9D are isomorphic at the level 
of vector spaces. In the same way one can show that the deformed and the undeformed 
extended algebras are isomorphic in the same sense. This is independent of the particular 



choice for <I>^jy in ( |2.7D , as shown in a general setting in |6^, where the extended algebra 



( |2.1| )-(|2l5|) has been defined as a crossed (smash) product algebra. In Ref [S7|, the au- 
thors started from the coproduct (Hopf algebra + module algebra) and then determined 
the crossed commutation relations of the extended algebra ( |2.1[) -(^). Our route is just 
opposite: we close the algebra by the crossed commutation relation and then accordingly 
determine the coproduct. 

In this paper, we shall strictly work with one particular type of realization (as well as 
with its hermitian variant, see Eq.( |3.7| ) below), namely with the realization of the form [53| 



j\/l + a?p^ 



iMf.^a" 



(2.10) 



We refer to this type of realization as Maggiore-type of realization of the algebra (^), 
since it leads to phase space noncommutativity analyzed for the first time by Maggiore 
1 68, ^. This particular kind of phase space noncommutativity is directly related to a 
generalized uncertainty principle appearing in the contexts of string theory and quantum 
gravity. It is also considered in |21|. The realization ( ^.10 ) belongs to the class defined in 
( |2.7| ) and is thus consistent with algebra (|2.1|) - (|2.5D . With these particular settings, the 
deformed Heisenberg-Weyl algebra (|2.6| ) receives the following form 



IPtM, x„] = -ir]^,, [ap + yTToVJ + ia^p^ . (2.11) 

As mentioned above, this particular type of phase space noncommutativity leads to 



uncertainty relations of the form 



Ax^ > 



6|, ^1 

h 



Ap;. 



+ aGApfj^ , 



(2.12) 



(a is constant, and G is the gravitational constant) that have been obtained from the study 
of string collisions at Planckian energies, i.e. so called gravity collapse of strings |^^, thus 
manifesting its dynamical origin. The same generalized uncertainty principle emerges from 
considerations related to quantum gravity Kq, p9[. 



The operator appearing in ( 2.11 ) in parenthesis appears to play a very important role 
in K-deformed spaces in general. Therefore, we give a special label to it. 



z- 



ap 



+ ^/l + a-p- 



2ti2 



(2.13) 



This operator, among others, has the following properties that define a universal shift 



operator 153]: 



[z-i 



' *^mj 



-iafj,Z \ [Z,Pp] 



(2.14) 



with Z being its inverse, Z = y-^- '^^^ operator Z = y^ and its properties are described 
in great detail in Refs. |53, 54 1. 
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It can certainly be expected that a deformation of the spacetime structure wih affect 
the algebra of physical fields, leading to a modification of the multiplication in the corre- 
sponding universal enveloping algebra. Specifically it means that a spacetime deformation 
requires one to replace the usual pointwise multiplication by a deformed product or star 
product, which will finally have its consequences in physics, particularly it will reflect itself 
in the way in which one should construct the field theoretic action. This modified multi- 
plication, i.e. star product will obviously depend on the particular realization (^), which 
in turn is characterized by an analytic function $^,y of generators p^. In this paper it will 
be understood that noncommutative coordinates x, appearing in all subsequent course of 
exposition, will be represented either by the specific realization determined by (|2.7D or by 



algebras, A and A^, can be shown to have a Hopf algebra structure [^, ^, ^], with the 



latter one being obtained from the former by means of a twist deformation ||3l| , [7^ , 73, 74 1 






its hermitian variant, (3/7) in the next section. 

In preparation for our further analysis it is useful to introduce a few notions. First, 
we denote by A the algebra of physical fields (p{x) in commutative coordinates x^. Since 
the the polynomials in x^ build a basis for the physical fields (p{x), the algebra A is the 
universal enveloping algebra generated by the commuting coordinates x^. The algebra A C ^ 

can also be understood as a module of the deformed Weyl algebra, which is generated by (^ ^ 

x^ and d^, /i = 0,l,...,re — 1, and allows for infinite series in d^. In a similar way as for 
commutative fields (j){x), the noncommutative fields (j){x) are built of polynomials in x^, . 

and thus belong to the universal enveloping algebra Ak generated by the noncommutative 
coordinates x^. Although the universal enveloping algebras A and A^ are not isomorphic ^ — J 

to each other, there exists a unique map and even an isomorphism at the level of vector 
spaces for any given realization described by the function ^^i, in (2/7). Both enveloping 



satisfying counit and cocycle condition |71|. The full Hopf algebra description of the 

theory includes an algebraic as well as a coalgebraic part. However, for theories on a C. ) 

commutative spacetime, the coalgebraic aspects of the symmetry are trivial and basically C !) 

already contained within the algebraic aspects of the symmetry transformations. It is 
for this reason that it suffices to describe symmetries only by specifying their Lie algebra 
structure. On the contrary, for theories in noncommutative spacetime, the coalgebraic 
aspects of the symmetry are generally not trivial. So a complete characterization of the 
symmetry requires a description in terms of Hopf algebra. The Hopf algebra is a quantum 
symmetry where the issue of conserved charges and currents is still subject of research, 
and the Noether theorem generally is still not established. However, to obtain a sensible 
physical picture out of the Hopf algebra prescription of our theory we will need to do certain 
compromises, most important towards the Noether theorem and momentum conservation. 
We shall elaborate on this issue in the next subsections. Before doing that, the notion of 
the star product still remains to be introduced. 



2.2 Coalgebra and star product 

The star product is introduced in the following way: first let us introduce the unit element 



1 G A and define the action of Poincare generators 5^ and M^^ on 1 as 

a^>l = 0, Mf,^>l = 0, (2.15) 

wliere A is understood as a module for the enveloping algebra ^(so(3, 1)) of Poincare 
algebra. In other words, A is considered to be a ZY(so(3, l))-module. Let us consider 
two noncommutative functions (j){x),ip{x) G A^. Via the vector space isomorphism, these 
functions are associated to (j){x),ip{x) £ A, where <j){x) = <j){x) > l,ip{x) = ip{x) > 1. Then 
the star product is defined by 

(l){x) -k-tp^x) := (j){x)ip{x) >1 /- 

= (f){x)>{ip{x)>l) = c(){x) > ■ip{x) , (2-16) l-T-i 

where it is understood that x is given either by (2.10) or by its hermitian variant (p.7|). L^ 



In this situation, A considered as a vector space together with the star product ( 2.16| ) t~^ 

o 
o 



constitutes a noncommutative algebra, which we denote by Ak- Unlike the algebra A, the 
algebra A^ is isomorphic to the enveloping algebra A^ of NC coordinates. Note that the 
commutator (p.lj) can be written in terms of ordinary coordinates and ^-product (2.16|) as 



algebraic sector is determined by the relations (2^), ( |2.4| ) and ( p. 51 ). On the other hand, the 



coalgebraic sector is determined by the coproducts for translation {p^ = —id^), rotation 
and boost generators {M^^) |52, ^ , 



A9^ = d^®Z~^ + l®d^ + ia^idxZ) (g) d^ - -^D Z®iad, (2.18) 



AM„^ = May® 1 + 1® Ma 



,A \ / „■ A 



+ ia^ (d^ - '-^n\ Z®Mx,- ia, (d>^ - '-^u\ Z ® M^^ . (2.19) 



In the above expressions, Z is the shift operator, determined by ( 2.13| ). It has a simple 
expression for the coproduct: 

l\Z = Z®Z. (2.20) 



[X^, Xii\i^ — X^ yr Xy Xjy yr X^ — lyCL^Xi, di/X^j . \-^*-^ 'J l\^ J 

In the familiar context of theories on commutative spacetime, we describe a symmetry v^ — -' 

as a transformation of the coordinates that leaves the action of the theory invariant. We 
keep this notion also in case of noncommutative spacetime. The symmetry underlying the 
K-deformed Minkowski space is the deformed Poincare symmetry which can most conve- 
niently be described in terms of Hopf algebras. As can be seen in relations ( |2.2| ), ( p.4| ) 
and (^^) , the algebraic sector of this deformed symmetry is the same as that of the unde- 

formed Poincare algebra. However, the action of the Poincare generators on the deformed C J 

Minkowski space is modified in such a way, that the whole deformation is contained in the C !) 

coalgebraic sector. This means that the Leibniz rules, which describe the action of the 
generators M^^ and p^ on a product of fields, will no more have the standard form, but 
instead will be deformed and will depend on the presentation of ^^u- The Hopf algebra 
structure describes the properties of the generators of a deformed Poincare symmetry. Its 



o 



The operator D is the deformed d'Alembert operator [^, 51, 53|, 



D 



r(l-\/l-a252), 



(2.21) 



which in the limit a — )• acquires the standard form, D — )• 9^. 

The Hopf algebra in question also has well defined counits and antipodes. The an- 
tipodes for the generators of the K-Poincare Hopf algebra are given by 



s{d,, 



1 

—c 
2 



-d^ + ia^d^ + ^af,{ad)D]Z, 



S{M. 



flV J 



la. 



M^y + ia^ da —U Mau - ia^ 5, 



Ittn 



D M, 



a/i ) 



while the counits remain trivial. In the above relations, the operator Z is given by 

1 1 



(2.22) 



(2.23) 



Z 



Z'^ -iad + VI - a292 ' 



(2.24) 



in accordance with ( |2.13| ), and D is given in ( |2.21| ). 

Since we are interested in the perturbative expansion of the field theoretic action, for 
later convenience we provide a series expansion up to second order in the deformation 
parameter a for the expression A 9^: 



Aa, 



1 

2 



a^d, 



1 + 15 



d^, - id^ 



ad + ianda 9" 



a^{ad)da <S) d'' + -a^d^ 



ad + 0(a-^ 



(2.25) 



Once we have the coproduct ( p. 18 ), we can straightforwardly construct a star product 
between two arbitrary fields / and g of commuting coordinates [p^ 
mutative spacetime (p.l|), the star product has the following form: 



52]. For the noncom- 



(/ * g){x) = hmM (e-'^(^-^«)^''/(n) ® g{y) 



(2.26) 



y^x 



where AqC?^ = 9^ Cg) 1 + 1 Cg) 9^, A(9^) is given by ( 2.1^ ), and A4 is the multiplication map 
in the undeformed Hopf algebra, namely Ai{f{x) g{x)) = f{x)g{x) [71|. From ( 2.26| ) 
we see that the star product only depends on the coproduct for translation generators. Its 
form does not depend on the presentation for $^,y. However, since the coproducts depend 
on <I>^i, so does the star product according to ( 2.26| ), in an implicit form. At this point we 
emphasize here once again that in this paper we are doing analysis based on the specific 
realization (|2.1C| ) and its hermitian variant (^), given in the next section. The coproducts 
( 2.18 ) and ( p. 19)) are written for and correspond to this particular type of realization. One 
can check that the star product ( 2.26| ) with the coproduct ( p. 18 ) is associative. 
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3. Modified K-deformed scalar field action 

3.1 Nonhermitian realization of the NC 0^ action 

In this subsection, we construct an interacting scalar field theory on noncommutative space- 
time whose short distance geometry is governed by the K-deformed symplectic structure 
( |2.1j ). In particular, we are interested in a field theoretic action describing the dynam- 
ics of a massive scalar field, i.e. generalizing the celebrated Grosse-Wulkenhaar action in 
dimension n. 



/ d"x £((/), d^(p, dfj,dy 



+ 



1 
2 

1 



m 



(Px (b -k (b -k d) -k d) . 



(Tx (f)-k(f) + — 



dTx X ^j,(t) -k x^ (j) 



(3.1) 



Note that the 0^ interaction term is accompanied by an additional harmonic term of the 
Grosse-Wulkenhaar type, along with the standard kinetic and mass terms. Due to the very 
definition of the ^-product ( 2.261) , all terms in the action (|3.1| ) will be K-deformed. In the 

the scalar field (p is, up to first order in the 



case of the nonhermitian realization ( p.lO| 
deformation parameter a, governed by the action 

_ 1 
~ 2 



On 



rx 



id^(P)idf'<P) + mV' + C'xV' + ^^^ 



1 

+ -a 
2 



/...{(„-iKV 



+ iv 



"^x^ 



r?^^a;°) 



A 



<Pxa{d^^) + (rn' + r^ + -V){d^4>){dfi4>) + (d^d^(fy(dfid\ 



} ■ (3.2) 



However, in this case the scalar field cannot be properly defined and it is not clear at 
all if it is complex or real. Next, besides that various terms from (^]^) attain an explicit 
x-dependence after the expansion in a, it is easy to note the lack of a typical property 
of the Moyal •-product, namely //*5 = J f ■ g. This makes the above nonhermitian 
models uncontrollable, thus less attractive, since it would be very difficult to extract some 
physical meaning. Generally, to have a scalar field defined in the right way and to be able 
to say whether it is real or complex, it is necessary to introduce an involution operation f 
corresponding to the adjoint or hermitian conjugation operation J, which in turn requires 
to consider and work with a hermitian, instead of the nonhermitian realization. The prob- 
lems just described can thus be properly resolved only after we replace the nonhermitian 



realization ( 2.10 ) with a hermitian one and introduce the notion of an antipode in order 
to properly define an adjoint or hermitian conjugation operation |. In order to proceed, 
we introduce the scalar product (•, •) on the algebra A^ as ^ 



(V',</>)« = / d"x i^^ kh4>: 



(3.3) 



^To avoid further confusion, we discuss the issue of different notation for different operations and their 



o 
o 

o 



o 
o 
o 
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where f is the involution with respect to this new scalar product, defined in terms of the 
star product -kh, whose explicit form will be provided later. Assuming that functions in the 
algebra A^ have the Fourier expansion 



cPix) = J rp ^{p) e'P^ (3.4) 

the action of the operation f on plane waves is specified as follows 

(^^ipxy ^ ^iS{p)x ^ (3.5) 

Here S{p) = —iS{d) is the antipode (2.22) and f is the involution defined on Ak. Note 



that the reality of the field <j) can be defined in a more than one way, depending on the 
conjugation operation we might choose: cj)^ = cj) ov (j)* = 0. When we use the term "real 



field", we have the first case in mind. For further details see reference |54]. j"^ 

In case of Moyal-deformation, we have (e*^^)^ = e~*^^ as in the commutative case in- L J 

stead of ( |3.5| ). In order to clarify particle-antiparticle plane waves, one needs to modify the ' U 

interpretation of (^]^) accordingly. However, this is not trivial for a ^ 0. In our approach ^ ^ 

the algebraic sector of the Poincare algebra, i.e. commutation relations (2.2) are unde- ^ — v 
formed, thus the corresponding Casimirs are also undeformed, and the dispersion relation 
remains the same, p^ = rm?. From the antipodes ( |2.22| ) for the translation generators of 



conclusions regarding the dispersion |54|. C !) 



X 



h — _(^ I ^t ^ _ /'A/^^t 



/. 2 



(x^+xT) = (x;^)', (3.6) 



which results in (f here means usual hermitian conjugation, x\i = x^, dji = —d^) 



X 



a" 1 



x^\Jl + a?p^ -iM^ya"" -i— ==Pm ■ (3-7) 

^ -y/ 1 + a^p^ 

properties; that is, tiie usual scalar product (/,(/) = J (F^xf* ■ g induces the usual hermitian conjugation 
operation f. Here * represents the usual complex conjugation. The scalar product {ip,(j))i^ = J d^x tp'^ •h 
on the algebra A,^, where f is the corresponding involution (generalized complex conjugation), induces the 
required hermitian conjugation operation |:. Note that we denoted two different notions by the same symbol, 
that is f denotes the ordinary hermitian conjugation operation 9^ = —d and the involution used to define 
the scalar product in Ak- From the context, it should be clear which one is meant; namely when f acts on a 
function, it is the involution, and when it is applied to an operator it is the ordinary hermitian conjugation, 
ft is understood that 9* = {S{d))'' = -d, M^^ = (^(M^^))^ or compactly written A^ = {S(A))'' , for any 
generator A of the Ac-deformed algebra, ft has to be stressed that f , in a previous sentence, means involution 



with respect to the deformed scalar product (3.J). Some properties of above operations, generalized trace 



property and behavior with respect to integration by part are given in 
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the K- Poincare Hopf algebra, it follows that S (p) = p = m , in agreement with previous 



3.2 Hermitian realization of the NC 0^ action 

In order to obtain the physical meaning of the NC 0^ field theory, we have to introduce a 
complex scalar field (p together with the corresponding notion of hermitian conjugation, as 

explained above and will proceed further with the construction of a hermitian theory. C_) 

In order to obtain a hermitian action, we are necessarily forced to work with a hermitian (^ ^ 

realization represented by operators x^, with the property (x^) = x^. These fully hermitian ^ — n 
operators x^ can be constructed from the operators ( |2.1Cl| ) as 



Changing the reahzation of the coordinates from ( 2.1[l| ) to (3/7) modifies the form of the 
star product, and we obtain a the new star product denoted as */i: 



(f){x)-kh'ilj{x) 






{x ) l>^(x) 



(3.8) 



with x^ being given by (|3.7|). Thus, we are forced to replace the star product (2.26|) with 



a new one of the following form [54|: 



l-a2A(a2) 



(/ •/, g)(x) = \imM{ e^''(^-^o)^M 4/^ o oo ^ . 

^■' ^^'^ ' u^x y Y (l-a2 92^1) (l-a2 10 52) 



fiu)(S)g{y) 



(3.9) 

where it is understood that the coproduct A (5^), Eg. ( 2.1^ ), is a homomorphism, i.e. 
A(92) = A(5^)A((9^). In this way, the nonhermitian version of the star product ( |2.26| ) is 
replaced by the above hermitian one, (|3.9|). 



d^x (P^hi^ = / d"x (/)* • V' , 



The star product -kh is associative. However, in contrast to the star product ( 2.26 ), it 
has the following desirable property [p4|: 



(3.10) 



where the asterisk * denotes the usual complex conjugation. 

The above results - the new •/j-product (|3.9D , and the identity ( 3.1C| ) - encode a very 
nice and important property: the integral measure problems are avoided. That means that 
by usage of the ^/^-product, corresponding to the hermitian realization of the K-Minkowski 
spacetime, the measure function is naturally absorbed within the new */i-product. There- 
fore, the action (R?^) has to be replaced by 



o 
o 

o 



O 

o 
o 



Sn[ 



(Px C{(l),d^(p,d^d„(l)) 



A /" 1 

+ - j d'^x -{(j)Uh(j)Uh(j)-kh(p + (j)Uh(l)-kh(p^-kh(p) ^ 



(3.11) 



In the above action, the interaction cj)^ term should in fact incorporate six terms corre- 
sponding to all possible permutations of the fields ^ and cj)^ . However, due to the integral 
property ( |3.10D , these six different permutations can be reduced to only two mutually 
nonequivalent terms, namely <j)^ -khcj)^ -kh(j)-kh<j) and (f^-kj^cji-kj^cf^-kj^cl). 

When expanded up to first order in the deformation parameter a, the action ( 3.11| ) 
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after some rearrangements including integration by parts, receives the following form 



bn 



rx 



(0^0*) (9^0) + (m^ + tx'W<p + 



A 



+ i- 



rx 



/ *2 



a^ x''((t>*'{d,4>)d''^-4>'{d,4>*)d''(t>' 






+ 0(a^). 



(3.12) 



Note that the oscillator term proportional to ^■^ attain no correction in the deformation 
parameter a. These two features of our model separate completely in the above action. 

At the end of this subsection note that the underlying Hopf algebra is a twisted sym- 
metry algebra, where existence/conservation of charges and currents are still subject of 
research. However the action ( p. 121 ), obtained by expansion of ( |3.11| ) up to first order in 
the deformation parameter a, is invariant under the following internal symmetry transfor- 
mations: 

/ </. \ fe'^ 

thus the corresponding Noether current should be conserved. 

3.3 Equations of motion and Noether currents of internal symmetry 

We proceed further by evaluating the equations of motion for the fields <j) and i; 




(3.13) 



2„2\ 



^^,^^'(j) - {m^ + ^^x 



(t)*r + m;.x^U'9^5>* + (/.*(5^,^)9> + (/.(5^(/>)9>^ 



Ar 

6 



+ 1(1 _ n)a^'(t>*(t>d^(t> + ^(1 - n)a''(t>^d^4>* 



(3.14) 



where i?i> = is the trivial solution of the above equation, as it should be. The equation of 
motion for (p* can be obtained from ( p. 14 ) by complex conjugation. 

Next, we present Noether currents derived from the Lagrangian densities ( |3.12 ): 



6C 



6C 



6{d^(py 6{d^r) 

1 r,,, ,* iA 

2 ^ 4 L 



,*2 



6C 
The above current ( |3.15|) is conserved; that is 



(3.15) 



1 



^^'<p 



1 



{2ayx''di' - a^xf^d^ - a^'x''dy)<p + ->p*(p{a^'x''dy - a'^x^'du) 
(t)\2aux''d^ - a^xf^du - af^x^d^W + ^^Xa^x^S^ - a''x^'d^)q 



(3.16) 



as it should be due to the invariance of the Lagrangian ( |3.12| ) under the internal symmetry 
transformations ( [3.13 ). This can be shown by straightforward computations from ( [j.ll )- 



o 
o 

O 



O 
O 
O 
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4. Quantum properties of the model 

4.1 Feynman rules 

Even though the S-matrix LSZ formalism, including the Wick theorem, is not quite clearly 
defined on K-Minkowski noncommutative spacetime, we continue bona fide towards the 
research of the quantum properties of the model defined by the action ( 3.12| ). To do 






that, we first derive the relevant Feynman rules and than compute the tadpole diagram 
contributions to the 2-point Green's function of our model. 

Due to the K-deformation of our theory, the statistics of particles is twisted, so that 
we are generally no more dealing with pure bosons. We are in fact dealing with something 
whose statistics is governed by the statistics flip operator [75, 76, 77, ^] and the quasitrian- 
gular structure (universal R-matrix) on the corresponding quantum group [^, 7^, 8C , ^ . 
It would be interesting to investigate these mutual relations more thoroughly, but at the sur- 
face level, we can argue that it is possible to pick up the basic characteristics of the twisted ' \J 
statistics by using the nonabelian momentum addition law |18, 19, 2C, 43, El, 63, 34, 82, Q. (^ ^ 
It can be seen that the accordingly induced deformation of the (5-function (arising from the /- — n 
implementation of the nonabelian momentum addition/subtraction rule) yields the usual 6- 
function multiplied by a certain statistical factor, which could have its origin in K-modified 
statistics. When we speak about deformed statistics, we have a less rigid notion of statistics 
in mind than applied to the symmetry properties of states, where multiparticle change of C !) 
4-momenta may change the state's symmetry properties. 

In order to obtain the Feynman rules in momentum space, we are suggesting to use 
the following line of reasoning, which we shall from now on call hybrid approach. 
(A) We use the methods of standard QFT and treat the modifications in action ( p. 12 ) as 



INJ 



a perturbation. In doing this, we obtain propagators and Feynman rules for vertices. ^« — ^ 

(B) We know that the statistics of particles is twisted and that it has to be implemented C ^ 

into the formalism. Thus we require that the ordinary addition/subtraction rule induces ^~^ 
the addition rule for twisted statistics on K-Minkowski spacetime. In momentum space, 
this means 

where induced direct addition/subtraction rules are going to be defined in Subsection 4.1.2, 
for the simplest cases of two and four momenta. We proceed in two steps: 

(1) Following the arguments above, we implement the induced conservation law within the 
(5-functions in the Feynman rule, and 

(2) whenever needed, we use the modified/deformed conservation law along the course of 
evaluation of the Feynman diagrams. 

4.1.1 Feynman rules (A): standard momentum addition law 

From now on we will restrict ourselves to the Euclidean metric. Note that for the tran- 
sition from Minkowski to Euclidean signature, we are using the following rules: a^ = 
{a^ ,af^) — > a^ = {af,a^), where a^ = ia^ , and similary for any n-vector. Thus scalar 
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product is defined as a^/fc^ = af^kj^ = afkf + a^k^ = -a^k^^ + afk^ = a^k^. In 
subsequent consideration we drop the M and E superscripts, but it is understood that we 



work with Euchdean (E) quantities. As the quadratic part of the action ( 3.12 ) in K-space 
is modified by the harmonic oscillator term, the propagator in momentum space is also 
going to be modified, 

tHk.M)-J,^^^^^] (4.2) 



^S<P*{k^)6Hk2.^^^^,^, 



-i{2TT) 



{kif,k2f, + m^) + tdi^ 



(5(")(fci 



with all fields 0, (j)* having the same nonzero mass. The free propagator is than symbolically I—'—' 

written as PJ 

&{kiM) = J,^""^" , = M (^lA^^^M + m^ + fdl) S'^^'Hh - k2) I . (4.3) O 

r^ki,k2) \ ^ C^ 

Since the harmonic oscillator term in the action ( |3.12| ) breaks translational invariance, it y—>^ 

is clear from above that translational invariance breaking produces some kind of modifi- N^ 

cation of the mass. The parameter ^^ has dimension di'm\^ = length~'^ and specifies the 
magnitude of the breaking of translational invariance. 

If one includes a harmonic oscillator term, the propagator is given by the so-called 
Mehler kernel which depends on different incoming and outgoing momenta since the prop- 
agator does not respect momentum conservation [p^ j. So for full computation, one needs ^""^ 
to take into account the Mehler kernel from the beginning. However, in the spirit of our (^ ^ 
hybrid approach and under the assumption of small perturbation due to the harmonic term, 
we approximate the full propagator by 



This is going to be used in the computation of the 2-point Green's function. We believe that 
the approximative expression ( [4.4[) is good enough to help us to indicate the influence of the 
^^ term on the one-loop quantum corrections. This is going to be presented in Subsection 
4.2. Of course the full computation of quantum corrections including the Mehler kernel is 
out of scope for this paper, but it is certainly going to be performed in the future. 

If a is of the order of the Planck length, ^, despite being small, carries contributions 
to Green's functions that are still larger than the terms linear in a. 

The vertex function, which in momentum space is given by 

r(ki,k2,k^,k4;a) = i^z = , (4.5) 

6cP{ki)6(l>{k2)6(l>*ik3)5cP*{ki) 

is modified too. It is illustrated in Fig. |l] and amounts to the following expression: 
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Figure 1: Scalar 4-field vertex 



t{ki,k2,h,k4;a) = i{27r)"--au 



-^ + - ( k4:fj.k3u + k3^k4u - 26^uk4.pk3p 



+-{k2pk4„ - kif,k2u + k2pks^ - k3^k2u) ] d^^ 



+- ( k4^lk3l, + ki^kiu - '^^nv^Apk^p 

+ -^{kipk4^ - k^^^kiy + ki^k^y - k^^ki^) j (9^^ 

+^(ki^,k2u + k2pkiu - 25f,^kipk2p]{d^^ + d^^) 



Q 




m 




o 




o 


±j 


N3 


hd 


O 


o 


1— ^ 


o 


M 




. • 


^""^ 


o 


INJ 


o 
o 


O 

1 \ 



5^''\ki + k2-k3-ki), (4.6) 



— g^, and all four momenta ki are flowing into the vertex. Both 



where we denote 9f? 

couplings, ^ and A have to be dimensionally regularized. 



4.1.2 Feynman rules (B): K-deformed momentum addition law 

Next, we discuss the notion which anticipates the induced momentum conservation law 
on K-space, within our hybrid approach. Namely, the J-function in ( [4. 61) comes from the 
contraction of fields, where the momentum conservation should be obeyed in accordance 



with the K-deformed momentum addition rule [18, |T^, |^]. We have two cases for sum- 
mation/subtraction of 4- vectors k^ with respect to the physical situation of four particles 
and/or quantum fields propagating in space with respect to an interaction point: 
(I) all particle momenta flowing into the vertex, as given in Fig. ffl 



kin + k2u. + ksn + k 



^ifj. 



2p -r K3p 



Hfi 



kip e k2p e k3p ®k4p = 0, 



(II) the process of scattering " 2 particle — )• 2 particle" , where we have 

(kip + k2p) - {k3^ + kip) = ^ [kip e k2p) (^3^ k^p) 



0. 



(4.7) 



(4. 



Having obtained the Feynman rules (^^) and (^^), we have completed the first stage 
of our program, that is to deduce the free propagation and interaction properties of the 
model by using the standard quantization. 



o 
o 
o 
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At this point we turn to the second part, which includes the effective description of the 
statistics of particles described by the model. As already indicated before, the statistics of 
particles is twisted in K-space |23, Esl, 



42], with the deformation being encoded within 



the nonabelian momentum addition rule. It is known that the rule for addition of momenta 
is governed by the coproduct structure of the Hopf algebra in question. In our case, the 
relevant Hopf algebra is the K-Poincare algebra and the corresponding coalgebra structure 
is given by ( 2.181 ), ( |2.19D , and ( 2.22| ), ( 2.23 ), respectively. In particular, the coproduct 



( 2.18 ) for translation generators determines the required momentum addition rule, which 
in momentum space and up to the first order in deformation a, from ( ^.22| ) and ( 2.25| ), 
yields: 



(Pm ® ^m) 



-iS{d^) = -p^ - ttf.p^ + {ap)p^ + 0(0^) , 
{P + k)f^ + {ak)p^ - a^ipk) + 0{a^) . 



(4.9) 
(4.10) 



The second equation ( [4.10 ) states the nonabelian momentum addition rule, while S{p) is 
the antipode with the property p^ © S{p^) = 0. Since commutativity in momentum space 
is not satisfied, i.e. k (B p ^ p (B k, a certain ordering has to be implemented. However, 
instead of implementing a possibly complicated unknown ordering, we shall proceed in the 
most simple way by taking into account all possible type of contributions; for example 
k (B p(B q, p(B k (B q, etc. Combining ( ^^ ) and ( 4.10| ), we obtain the following momentum 
subtraction rule: 



Pi,ek^ = {p(B S{k))^ = {p- k)^{l - ak) + a^{pk - k^) + 0{a^) . 



(4.11) 



This enables us to rewrite the energy-momentum conservation which is supposed to be 
satisfied at each vertex. Thus, if two external momenta ki and k2 flow into the vertex 
and the other two external momenta /cs and k^ flow out of the vertex, then, writing in 
components, we have the induced momentum conservation law (|4.8| ), which corresponds to 
our physical situation . 

In order to obtain the expressions for the (5-functions in Feynman rules, we are starting 
with 

'd{pQk)\ 



S(^){pQk)=Y^ 



det 



dp,y 



p=q% 



5(")(p 



(4.12) 



where we have to sum over all zeros qi for the expression in the argument of the 5-function. 
Since there is only one zero at qi = k, with the help of subtraction rule ( [4.11 ), we find the 
following first order contribution to the above (^'"'-function 

jW {pQk)= '^ " (^ -^]^ =(! + („_ i)ap + 0(a2))5(") {p - k) . (4.13) 

(1 - ap) 



It was shown in |£4[ that the star product -kh (3^) breaks translation invariance (in 
the sense of |jl^). However, this feature does not show up until computations are extended 
to second order in the deformation parameter a. The important point is that translation 
invariance is conserved within the first order deformation. Since we are carrying out our 



o 
o 

o 



o 
o 
o 
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investigation in exactly this order, we are allowed to invoke the energy momentum conser- 
vation albeit in a modified form, dictated by the modified coproduct structure and by the 
oscillator term. Relations between Hopf algebra symmetries and conservation laws are an 
important subject of investigation. This is the issue of generalizing the Noether theorem, 
thus the whole subject is still appealing [^]. 

With the idea of implementing the new physical features that have just been described, 
we modify the Feynman rule ( [4.61 ). Taking into account all possible contributions, with the 
help of ( 4.10| ) and ( f4.11| ), and choosing the following replacement of 5- function from (| 



113,113 



<5(")(A:i + k2-k3- ki) -^ 5^''\{ki ^2) G (fes e ^4)) + 5^''\{ki ^2) (k^ ^3)) , (4.14) 
we obtain the hybrid Feynman rule which obeys the K-deformed momentum addition/subtraction 



rule via sum of (5- functions (4.14): 



r{ki,k2,k3,k4;a) = i{27r)^-a,y 



+ -7 k^fj^ks^ + k^^k^,, - 25^uk4pksp 



+-{k2pki^ - kipk2u + k2fj.k3u - k-ipk2v) \ 5^' 



+- ( kipk^y + k^pk^y - 25pykipk-ip 



+ -^{kipkiy - k^pkiy + kipk3u - k^pkiy) j 5^2 
+^ikipk2u + k2pkiy - 25pMpk2p\ (9^' + d^^) 

X 5(") ((fei A;2) (^3 e k^)) + (^(") ((A;i A;2) {k^ ^3)) 



(4.15) 



In the above, the sum of 5-functions represents all mutually different physical situations. 

The (5- functions in ( 4.15| ), should in principle come from the contraction of fields quite 
naturally, if the noncommutative version of the LSZ formalism is applied to our model. 
Since such a formalism has not been developed so far, we choose to follow an approach 
that kind of combines the standard quantum field theory consideration (used when treating 
terms in the Lagrangian linear in a as small perturbations) with the peculiarities resulting 
from the K-deformed statistics of particles. The latter part is realized through embedding 
a nonabelian momentum-energy conservation within the 4-point vertex function. That 
approach may seem as a hybrid construction arising from trying to move our understanding 
one step forward towards a complete quantum theory on noncommutative spaces in general. 
In this sense, such an approach can serve as an intermediate step bridging the gap between 
the standard quantum field theory and a complete field theory on K-space in a similar 
way as for example the semiclassical theory of radiation can be considered as a cross-over 
towards the quantum theory of radiation. In following the described path we have to rely 
in part on intuition, especially when peculiarities of K-space statistics have to be taken into 
account. 



o 
o 

o 



o 
o 
o 
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The Feynman rule ( 4.15 ) now appears to be consistent with the energy- momentum 
conservation that respects the K-deformed momentum addition rule. In order to obtain the 
complete expression for the (5- functions appearing in ( 4.15| ), we are proceeding in two steps. 
First, with the help of ( [4.10| ) and ( 4.13| ), up to linear order in a, and with j, / = 3, 4; j / /, 
we have: 



S^^'^iki (B k2) e {kj (B ki)) 



n—l 



(4.16) 



a{ki e k2) 



n-1 



1 - ( a{ki + fea) + iaki){ak2) - a^{kik2) + 0{a?) 
= (1 + (n - l)a{ki + k2) + 0(a2))(5(")((A:i fcs) - {kj h)) . 
The second step is to compute the (^-functions from ([4. 161) in the same way as we 



computed the one in (|4.13D : 

5^'^\{ki®k2)-{kj®ki)) = Y, 



det 



'd{{ki®k2)- {kj®ki)^ 
dkiu 



ki=qi 



,5(")(A;i 



(4.17) 

where we have to sum up over all zeros qi for the expression in the argument of (^-function. 
To proceed, we shall choose specific values for the momenta k2 = k^ = i, which we 
need for the evaluation of the tadpole diagram. Since there are no zeros for the delta 
function 6^'^'{{ki (B i) — {i (B k^)) , the only contribution comes from the second combination 
(^ ((^1 ^) — (^4 ^))- In order to perform that computation, we start with ( [4.10|) and 
orient the vector a in the direction of time, a = (0, ...,0,iao). Then due to covariance, the 
obtained result will also be valid for an arbitrary orientation of a. Hence 



^^/ d{{ki(Bi)-{k,(Bl))^ 
V dkit. 



ki=k4 



1 — iaoii 
l + a£ 








iaoin^2 




l + ai 




motn~l 







l + ai 



= (1 + a£) 
Since there is only one zero, at qi = k^, we find 



n-l 



(4.18) 



l)a^V^"^( 



(4.19) 



^H((fe.0^)-(fe40^)) = f^V-^ 

(1 + at) 
which gives us the final expression for the (5-function in (4.15) via ( |4.16| ), up to first order 



1 - (n - l)ai ] 5^"^ {ki - ki) + 0{a^) 



m a: 



5^'^\{ki®l)Q{ki(Bi)) 



1 + (n - l)a{k, + I) 1 ^^^^^^\^!''} + Oia^) 



(1 + a^)"-^ 
(1 + (n - l)aA;i)5(")(A;i - k^) + 0{a^) 



(4.20) 



o 
o 

o 



O 
O 
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Figure 2: Scalar 4- field tadpole . ■ t—r-\ 

In the above expression the dependences on i drop out as we expected, thus showing the -^ . . 
consistency of the hybrid Feynman rule derivation. The remaining factor (1 + (n — l)aki) ^ 

in ( 4.20 ) is due to the K-space twisted particle statistics of our hybrid approach. O 

4.2 Massive scalar field propagation INj 

4.2.1 Tadpole diagram: standard momentum conservation 

In order to compute the tadpole diagram from Fig. pi using dimensional regularization tech- _i 
nique, we have to introduce in the action ( 3.12| ) new dimensionfull regularization masses, _^ 
denoted by fi for the coupling A, and by n' for ^■^, respectively. In accordance with quan- 
tum field theory p% , the regularization of the (/>^ model requires that they are given in the 



following form: 






G^{k2,k3; fi') we are using the expanded expression (|4.4|) further on. In computing the 



first two terms from ( 4.25 ), we assume momentum conservation, ki -\- k2 = k^ + k^ and 
^2 = ^3 = ^- Thus we have 



,a,0 / d"^ ^,. _ . . i 



"^ =y (^r(^^'^'^'^^;«''^)FT7^- (^-^^^ 



First, we need F from the Feynman rule (|4.6| ), in accordance with the notations from 
Fig. H; that is for incoming momenta ki and outgoing momenta A;4 we have to replace 
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A„e^„ = Aow(^^)2 -^ if^^Y 2 A, X = Xnew, (4.21) 

Uw = ^old{^^'^)'^~^ ^ (/^'')^"^e, ^ = Uw. (4.22) ^ 

Here fj,' is defined in such a way that the new parameters are dimensionless. 

In this paper, we shall further restrict our computation only to the first order contribu- 
tion of the two-point function 112 ^^ '^^^ ^4>'^ model, (|3.12| ), corresponding to the tadpole 
diagram depicted in Fig. ^: 

^2 =^2 +^2 +n2'^'^ +n2^ ''^^ = / -—--——T{ki,k2,k3,k4;a,fi)G'^{k2,ks-,fi). 

(4.23) 
In general, the one-loop integral ( 4.23| ) produces four different contributions, where for 



-i and k4 — t- —k4. Thus, we have 



f(A;i,£,^,A;r*;a,/i) = i(27r)V""^<l + a.^ 



kiakii, — kink^i, ]d 



(4.25) 



SSf^^k^/^ 9^1 - 2 (i^ki, + kif^i, - 26f,,kipip\ a^4 



2 1 iiik^i/ oi-i/k^fi + 



+ ^^(2^4 - fci), + 4(2^4 - 3fci)^ - 4(5^,(^4 - fci)% 9; 



P )^M 



>S^''\ki-k4). 



In order to obtain T{ki,i,i,k'^l^]a, fi) we just have to replace k^ — )• — A;4 in ( 4.25 ). 

As a next step, we compute 112 straightforwardly. Employing integration by parts in 
(4.24) and using the dimensional regularization scheme, we obtain 



il2 - 


-^0, 






nf °'° = 


--Jl(^^)Io- 


-l(ai^)(V- 


{aK) 



h^nu ( , 



(4.26) 
(4.27) 



where K = 2/c4 — ki. The oscillator contribution from the ,^-term has been obtained by a 
rude approximation of ( [4.23 ). That is, from 



n: 



0,^7^0 



d" 



(27r)" 
after integrating by parts, we have found 



T{ki,£,e,k4;a,^i) 



(£2 + m 



2\2 



a|5(")(^), 



n 



0,?7^0 



A^2(8n)(M'')^-t 



(4.28) 



(4.29) 



2 m'^ 

In the above equations, we have omitted the factor (27r)"'5'"^(/i:i — k^) for simplicity. For 
n = 4 — e, we have the well known integrals 



-1 o 



m 



-m 



■iTT^ 



(27r)" ^2 + ^2 (4^)2 

1 , ^^(2) 



AlTfl 



m^ 



2\ 2 



r(-i + -) 



e^O 



e+ 2 



+ logA/^^ + ... 



m^ 



'2,/i!/ 



(/^ 



2^2-f 



(X t ^fi^i/ 



(27r)" (£2 + m 



2\2 



(^ui^-^O ; <^u;/<5; 



fiu'J/iu 



n . 



(4.30) 
(4.31) 



with a simple pole at e = 0. Thus the expression (4.30) is divergent in the UV cut-off. 

The non- vanishing contributions come from the commutative cases, that is from ( 4.26| ), 
and from harmonic oscillator term (4.29) which is finite for finite scalar field mass. The 
integrals ( [4.3Cl| ) and ( [4.31 ) for n = 4 give Ilg ' = 0, producing in the case ^ = 0, very well 
known commutative X(j)^ theory result ( 4.26| ). All contributions proportional to a, coming 
from K-Minkowski NC cp'^ theory cancel out, as one would naively expect by inspecting the 



vertex weight (4.25) 



o 
o 

o 



o 
o 
o 
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Clearly, the one loop computation has to be modified by anticipating the momentum 
conservation on K-space. To illustrate that something nonstandard appears in our model 
( |4.6| ), we start with the general one- loop integral ( [4.23| ). It should be noted that one cannot 
integrate over k^ using the first delta 6^"''{k2 — fcs) - from the propagator - and replace k^ 
by k2 in the above expression as it stands, because of the derivative with respect to k2- So, 
in a first step of the computation we are using a simple trick 



a;;i<5(")(A:i + k2-k3- ki) = d^H^^^Xki + k2-k3- ki) , 
a;:M(")(A:i + k2-k3- ki) = -a^='5(")(fci + k2-k3- ki) , etc.. 



(4.32) 



and than we rewrite (|4.6| ) and (^^) as follows: 
t{ki,k2, ks, k^; a)G^{k2, fes) = 
< i(27r)"- 1 + aui2{-ki^k2u - k2^kiy + k^^k^y + ^4^*^31. + '2.5^u{kipk2p - kspk^p)) 

+-^{ht,k3u - hfihu + hfihu - hfihu + kifihu - hfihu + k2pkiy - kipk2v) j 9^' 



x5(")(fei + A;2-A;3-A;4) 



fco + m? 



e 



(^2 + m?) 



2\ k-i 



dlM''\k2-k,) 



(4.33) 



For the part independent of ^, we obtain after performing the integration over k^ in ( 4.33| ) 
the following expression: 



-pra^O.O 



A 



8(27r) 



-{{akijki — {ak4)ki)^ 



dl'5^'^\ki-ki) 



d'^ko 



k2 + w.^ 



(4.34) 



where ki and A;4 are external momenta. This expression is quadratically divergent in the 
UV cut-off representing a quantum loop modification of the free action (3.12), which can 
be nonzero because of the momentum conservation violation at the vertex. The next term 
of ([4.33| ), is obtained after partial integration: 






xe 



4(27r) 



dl6'-"\ki-k. 



d'^k^ 



(/C2 + W-^) 



2\2 



(4.35) 



It is logarithmically divergent in n = 4 dimensions. The last term depends on both defor- 
mation parameters, a and S,, it reads 






xe 



8{2tt) 



dld^'6^^\ki - k^) ) {kipk^, - k^,kip 



4( a^5^i5(")(A:i -kM[ 2{5p^k^, + 6,M^ - 26p,k^„) 



+ -^{5uaklp - Spaklv) 



d'^ko 



(^2 + rrfi) 



2\2 



(4.36) 



which is also logarithmically divergent in n = 4 dimensions. The one-loop corrections 
( 4.35[ )-( pl.36| ) have to be included in the action as counterterms. Their structure is different 



o 
o 

o 



o 
o 
o 
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from the tree-level terms, and therefore the tree-level action is not stable under 1-loop 
quantum corrections. For this reason, we have to question the approximations we have 
employed: namely the expansion of the action up to first order in the deformation parameter 
a and the expansion of the propagator up to first order in ^. The results (4.26) and ( 4.27| ) 
(as well as the result ( |4.37 ) that will follow shortly) are obtained directly from ( |4.24 ). We 
assume that ( 4.24 ) replaces the expression ( 4.23 ) for ^ = 0. As for ( 4.29D (and ( |4.38 )), it is a 



rude estimate of what the ^ term would produce. It is obtained by making approximations 
in ( [4.23 ), by approximating/adjusting the form of the propagator (|4.4D and by using the k- 
deformed addition/subtraction of momenta instead of the commutative one. The difference 
between ( 4.29| ) and (|4.38D is that unlike the former expression, the latter one is obtained by 
making use of the K-deformed addition/subtraction rule for momenta. Due to the results 
( 4.34D -( ^.36| ) we obviously stumbled across the momentum nonconservation. Such results 
seem to favor our hybrid approach. 



4.2.2 Tadpole diagram: K-deformed momentum conservation 

In the following computation of the tadpole diagram from Fig. |2|, we fully implement the 
hybrid approach. That is the notion that standard momentum conservation is not satisfied, 
i.e. we use induced momentum conservation on K-space represented within the (5-functions 



in ( 4.14 ). However, in accordance with our hybrid approach, at the end undeformed momen- 



tum conservation has to be applied. The general one- loop integral ( 4.23 ) can be roughly 



reduced to two terms, namely ( 4.24 ) and ( 4.2g ). 

In the next step, we are applying integration by parts, which is possible due to the 
notion that the remaining integral in (4.23) is an effective action of the given one-loop 
quantum process. This of course plays an essential role in our hybrid approach. Performing 
the computation of all terms in the tadpole one-loop integral ( [4.24]) with Feynman rule 



(|4.15[) and (5-function ([4.20|) and for an arbitrary number of dimensions n, we obtain the 
following first order result: 



o 
o 

o 



o 
o 
o 



nO'0 + nf°'° 



n: 



0,5^0 



+ n 



ay^O^y^O 



1 Tl 

[l + {n- l)aki) + -(1 - -){aki - lah) 



A 2 8n(^ 



/2x4-il 



m" 



-{l + {n-l)aki) 



(4.37) 
(4.38) 



The first terms in ( 4.37 ) and ( 4.38 ) for n = 4 correspond to the results ( |4.26[ ) and ( 4.2g| ) 
from the previous subsection. From the above formulas it is clear that there exist non- 
vanishing contributions even for n = 4 dimensions. They are arising via the K-deformed 
momentum conservation rule, entering through the deformed (5-function (4.20) in the hybrid 
Feynman rule ( [4.15| ), and from the harmonic oscillator term in the action ( 3.12| ) via the 
modified propagator ( [4.4[ ). 

For n = 4 — e, we obtain a modified expression for the tadpole in Fig. y in the limit 
e — 7- 0, where the 1/e-divergence is explicitly isolated. For conserved external momentum 
in accordance with ( [4.20[ ), i.e. for ki = k^ = k, from ( [4.30| ), ([4.37[ ) and ( [4.38| ) we finally 
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have, 



n: 



a,5 



327r2 



(1 + 3ak) 



2 ,, , , 47r/i2 9 a/c 
- + 7/^(2) + log- 



771^ 



4 1 + 3aA; 



(4-e)1287r' 






(4.39) 



where for simphcity we have used /x' = /i, and in the ^-term we retain the exphcit e- 
dependence in order to keep dimensional and/or hmiting procedure under control. The 
parts above represent modifications of the scalar field self-energy and explicitly depend on 
the regularization parameter, the mass of the scalar field, the magnitude of the translation 
invariance breaking, and it contains a correction ak due to the dependence on the energy 
\k\, where actual scalar field self-energy modification occurs. The dependence of ( 4.39| ) on 
the K-deformation parameter a enters explicitly, as we expected. Note that there is no need 
to do renormalization at the point (1 + 3ak) — t- 0. 

The result ( [4.39 ) is next discussed in the framework of Green's functions. Generally 
we know that by summing all the IPI contributions, for the modifications of the full 
free propagator ( [4.3[ ), we get the following expression for the two-point connected Green's 
function 



M 

o 
o 






C^i^Akuki) 



+ 



' rm-^ ' 



kf + m\ kf -\-ml ^ kf + m\ 



+ 



(4.40) 



where, symbolically, m\ = m? + C^5| 5^'^'{ki — k^) represents the redefined mass. As an 
illustration we resume the above series in the limit ^ — )• 0: 



G';'Uk,,ki)^_^^ {27rr6^^\k^-k,) 



'(c,2) 



kl + m? — 112 



a,0 



(4.41) 



The genuine 1/e divergence in Ilg , can only be removed by introducing the following 
counter term 5m?: 



O 



O 
O 
O 



5m^(t)*{k)(t){k) 



Xirr 
32^ 



1 /4_g „2 t2 

2il + 3ak)- + f{^^,-^,ak,^ 



2 TTT-^ 



m^ 



4>*{k)m, (4.42) 



where / denotes an arbitrary dimensionless function, which is fixed by the renormalization 
conditions. Adding the contribution of the above counterterm to the previous expres- 
sion ( |4.40 ) results during the renormalization procedure in the shift "m? — )• m^ + d'm? in 
( |O0| )/(|44lD, thus leading to 



ya,^ 



Glc%)iki,k4 



ya,^ 



ya,^ 



G'S,2)(^i' ^4) + G';'^^2)(^i' ^4)(-5m^)Gj^2)(^i' ^4) + 



f (27r)"5(")(A:i-A:4) 



kf + 771^ + dm"^ — n! 



a,0 



(4.43) 



where G'(^2) denotes the Green's function with the contribution from the counterterm 
incorporated. 
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However, since 112 ^^^ computed for the expanded free propagator (|4.4| ), it is consis- 
tent to compute the two-point connected Green's function under the same approximation. 
After the resummation of ( [4.40 ) and using (|4.4| ), we obtain 



GflUh,h 



1 



G? n^'« 



(4.44) 



ml) 



In order to identify the proper counterterm for the above expression, we resume the series 
in (4.43), but with replacement ( 4.401 ) — )■ ( 4.44| ), and the full free propagator i/{kf + 
replaced with the expanded one ( [4.4] ), giving: 

~aF G^ 



(4.45) 



In ( 4.45| ) Sm^ is a generic quantity. This is due to the fact that expression ( 4.3E ) also 
contains finite parts. The requirement 6m? = Ilg removes the infinity. Thus we have 



^a,^ 



G'°^2)(^l'^4) 



G? 



1 + G«ig 



/_(l + 3aA:)U(2)+log^ 



ak 



4 l+3ak 



512vr2iV 



(4.46) 



Precise extraction and removal of the genuine UV divergence is performed next via 



(4.42) in the context of the analysis of C^, \Aki,k^) for different energy regimes; that is 



from low energy to extremely high -Planck scale- energy propagation. 

There is a very interesting property of expression ( [4.39| ) at extreme energies. Namely, 
there exists a term (l + 3a/c) which for (l + Safc — )• 0) tends to zero linearly. For low energies 
and/or small K-deformation a, i.e. for ak = 0, (equivalent to a = 0), which is far away 
from the point (1 + 2>ak = 0), this is not the case. 

Low energy limit 

Using the finite combination {5mi^ — Ilg' ) for low energy [ak = 0), and at order A 



dm" - nr 



"-2 

\m? 
32^ 



/-^(2)-log^ 



m^ 



(4.47) 



from (|4.3g| ) and ([4.46|) , we get 



G^(fo\{ki,ki) 



G« 



while in the case ^ = 



G'°;°2)(^i;^4) 



l + G«iS(/-^(2)-logi^ + 512.2£Ml) 
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(4.48) 
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This expression has a pole in Minkowski space, and we can define the renormaUzation con- 
dition by requiring that the inverse propagator at the physical mass is kf + m?^ s/iow' This 



choice, in the case ^^ = 0, determines uniquely the sum of the residual terms in ( 4.47] ), 
which is in accordance with the result from commutative 0^ theory |87]. 



Planckian energy limit 

At the limiting point (1 + 3ak — )• 0), which corresponds to extreme energy propagation |A;|, 

where the components of the K-deformation parameter a^ are extremely small, of Planck 

length order, the divergence in ([4.39| ) gets removed under the reasonable assumption that 

(l + 3a/c) tends to zero with the same speed as e does. That is, in the Planckian propagation 

energy limit 

(l + 3aA;) ^0 







o{i), 



(4.50) 



the 1/e and ak terms from ( 4.391 ) do contribute. 

Assuming that our K-noncommutativity is spatial, a^ = (a, 0), and using the momen- 
tum along the third axis k^ = {0,0, E,iE), i.e. for ak = Ea^, Eq. ( ^.39| ) in the Planckian 
propagation energy limit ( 4.50| ) gives 
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(SSaa + l-^O) 
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(4.51) 



producing the following modified Green's function (4.41): 
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At exact zero-point 'iEa-^ + 1 = however, from (4.39) we obtain a different result 
Am2 3 ^.n .. . . i{2TiY5^^\ki-ki) 
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(4.52) 
. (4.53) 



For time-space noncommutativity with the time component of K-deformation param- 
eter iao being also of order Planck length and vanishing space component, i.e. for ak = 
—Eao, Eq. ( 4.39| ) in the Planckian energy limit ( 4.50 ) yields the result: 



n: 



1,0 I 

2 l(3£;ao-l-^0) 



Xm? 
32^ 



2--ak 
4 



{3£;ao-1^0) 



(4.54) 



equivalent to ( [4.51 ), leading to final results which are identical to ( [4. 52] ) and (4.53). 

The existence of a linear type of limit (1 + 3ak — t- 0) which removes the genuine UV 
divergence 1/e is a new, previously unknown feature of NC k- Minkowski (j)'^ theory at linear 
order in a. The mass shift is of a fixed value ( [4.51 ), independent of the function /, but 
dependent on the energy |A;| and the K-deformation parameter a. Above expressions give k- 
deformed dispersion relations, thus, ( 4.51| )/( [l.54| ) and ( 4.52| )/( 4.53| ) represent birefringence 



o 
o 

o 



o 
o 
o 
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|65, 66] of the massive scalar field mode. Namely, neither of the finite terms in ( [4.46| )-( ^.49| ) 
do not contribute in the limit (l+3afc) — t- 0, and the possibility of their internal cancellation 
is diminished. In this way, the birefringence of the massive scalar field mode arises as a 
genuine effect. The above inverse propagator determines the physical mass m.^^ si Plan k ^^ 
respected Planck scale energies. 



5. Discussion and conclusion 

Let us discuss the final outcome of the above constructed (f/^ scalar field theory on the NC 
K-deformed spacetime and describe the main results of this work. 

First, we point out the most important new results: 
(i) The integral measure problems on k- Minkowski spacetime are avoided by the introduc- 



tion of the new ^/^-product (3.9), which naturally absorbs the measure function due to the 
hermitian realization (p.6|). 

(ii) The trace-like property (the integral identity ( p.lOD ) is valid for K-deformed spaces, 
but only if one is dealing with the hermitian realization ( p. 61 ), as one should because only 
hermitian realizations have a physical meaning. Due to the integral identity ( |3.10 ), the 
only deformation with respect to the standard scalar field action comes from the interaction 



term in ( 3.11 ). 



(iii) The action ( 3.12 ) includes a harmonic type of interaction term and is expanded up to 
first order in the deformation parameter a, producing an effective theory on commutative 



spacetime. Despite K-deformation a mixture with the ^^ term in ( 3.11 ) via the */i product, 
at first order in the ^-deformation parameter these two features of our model decouple com- 
pletely in ( 3.12 ). The action ( |3.12| ) further produces modified equations of motion (3TJ) 
and conserved deformed currents (|3.15| ) due to the invariance under an internal symmetry. 
The above properties are very welcome. 

(iv) The truncated K-deformed action ( 3.12| ) does not possess the celebrated quantum ef- 
fect of UV/IR mixing l4^. The lack of UV/IR mixing is a general feature of most of 
the NC gauge field theories expanded in terms of the deformation parameter. However, 
resummation of the expanded action could in principle restore the nonperturbative char- 
acter of the model (see for example |6C, 61, ^]), thus restoring the presence of UV/IR 



mixing in quantum loop computations. Under such circumstances UV/IR mixing would 
help in determining what the UV theory might be, that is, it would help to determine the 
UV completeness of the theory. It is important to note that UV/IR mixing connects NC 
gauge theories with Holography via UV and IR cutoffs, in a model independent way p7| . 
Both, UV/IR mixing and Holography, represent important windows to quantum gravity 
phenomena |^, ^, 59 1. 

(v) Next, we discuss the result of the contribution of the tadpole diagram to the propaga- 
tion and/or self-energy of our scalar field (j) for arbitrary number of dimensions n, depicted 
in Fig. g, as a function of K-deformed momentum conservation law. This deformed con- 
servation law originates from the deformed statistics on K-Minkowski spacetime. Thus our 
approach represents kind of a hybrid approach of standard QFT and NCQFT, involving 
K-deformed (5-functions in the Feynman rules. 



o 
o 

o 



o 
o 
o 
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(vi) When we worked with the standard conservation of momenta (standard addition of 
momenta) and undeformed (5-function, the contributions to the tadpole diagram to the first 
order in a are zero. The deformed (5-function can be written in terms of a leading term 
plus corrections in a. Since the Feynman rule ( [4 .61 ) has already terms linear in a, we have 
to retain only the zeroth order term in the modified (5-function, because otherwise we get 
terms of quadratic and higher orders in a (and this is not what we are interested in) . The 
only term where we need to take into account corrections linear in a for the (5-function 



is the leading order term in the Feynman rule (4^). However, this term vanishes due 
to the integration over the loop momentum. Analyzing ( 4.34 )-( fi.36| ), we recognize that 

something nonstandard appears in the model for the tadpole integral at first order in A /- 

and K-deformation a. | , 

(vii) It appears that in the computation of the tadpole diagram integrals for n = 4, all j~^ 

contributions linear in a cancel each other automatically. For n ^ 4 dimensions, the same L J 

contributions linear in a become nonzero, regardless which momentum conservation rule is ' \J 

applied. However, the harmonic oscillator term from the action ( p. 12 ) modifies the mass ^~^ 

o 



term in the free propagator ( [4. 3D , thus producing an additional contribution ( [4.29| ) from 

the tadpole in Fig. |2[ The propagation of the scalar field cf) m n = 4 dimensions also 

receives a modification from K-deformation at linear order in the deformation parameter 

a, and it also receives a contribution due to the oscillator term. 

(viii) In the final computation of the tadpole diagram depicted in Fig. ^, we fully implement C !) 

the notion of our hybrid approach, that means that standard momentum conservation is 

not explicitly satisfied, and we have to use the momentum conservation on K-spaces given 



ified expression for the tadpole in Fig. 1^ in the limit e — )• 0, where the genuine 1/e (UV) 
divergence is explicitly isolated. For conserved external momenta, i.e. for ki = k4 = k, 
we obtain the two-point function ( 4.39| ), where the finite parts represent the modification 



of the scalar field self-energy Hg and depend explicitly on the regularization parameter 
IJ?, the mass of the scalar field m^, and the magnitude of the breaking of translational 
invariance ^^. The most important is that ( 4.39]) contains the finite correction ak due to 



the deformed statistics on K-Minkowski spacetime, thus, via ak term we obtain an explicit 
dependence on the scale of propagating energy involved |A:| = E, and the K-deformation 
parameter a, as we expected, 
(ix) The two-point function ( 4.391 ) is next applied in the framework of two-point con- 



nected Green's functions for three energy regimes, that is for low energies, for Planck scale 
energies, and for intermediate energies, respectively. For low energy scale and/or small 
K-deformation a, i.e. for ak ~ 0, which is far away from the point (1 + 3ak = 0), the 
dependence of the two-point Green's function on the deformation parameter completely 
drops out ( 4.48 ). The genuine UV divergence in ( [4.39| ) has been removed by subtracting 



the counterterm (5m^ ( [4.42 ), from the previous contribution ( 4.4C| ), or through shifting 



2 

m 



by (4.8), while at the end of the computation the undeformed momentum conservation 
has to be applied. We have found non-vanishing contributions even for n = 4 dimensions. 
They are arising from the harmonic oscillator term in the action ( 3.12| ) via the modified ^ -' 



propagator (4.4), and the K-deformed momentum conservation rule which enters through C ^ 



the deformed (5-function in the hybrid Feynman rule ( 4.15| ). We have found the fully mod- /" — ^ 
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into (m^ + 6m?) in ( [4.41 ). In this case, the mass shift ( f4.48| ) could increase or decrease 



m 



depending on the function / and/or the parameter ^^. 

(x) For energies within the hmits ^ <C i? ^ (or equivalently ^^ ^ E ^ 0), the full 
expression ( ^.391 ), with mass counterterm (4.42) has to be used in determining the Green's 
function ( [4.43 ). In that particular case, the harmonic oscillator term in ( 4.3S| ) will also give 
a non-negligible contribution. It's coupling ^^ could be in principle determined by higher 
order contributions to the Green's function. This is certainly an issue to be addressed in 
future work. 

(xi) At Planckian energy scale, due to the existence of a linear type of limits (1 + 3aA;) — )• 0, 
we have new situation and, distinguish two cases. They are both new, previously unknown 
features of K-deformed (/>^ theory expanded up to linear order in the deformation parameter. 
In the first case we have the limit ([4.501 ) which produces the self-energy and/or modified 
Green's function ( [4.52[ ). 

(xii) Second case, where 1 + ^Ea^ = 0, represents in fact a genuine type of zero-point which 
exactly removes the UV divergence, yielding the self-energy and/or modified Green's func- 
tion ( 4.53[ ). In both cases the mass term is shifted in the same direction, (the same signf), 
but for a different amount, +11/4 versus +3/4, respectively. Or more precisely we can 
say that the mass shift during the limiting process (3-E'a3 + 1 — t- 0) drops from the value 
proportional to +11/4 to +3/4. 

(xiii) The results ( [4.52| ) and ([4.53| ) are the same for two different choices of K-noncommutativity, 
(with appropriate choice of referent system for momentum A;^), i.e. for a^ = (0,0,03,0) 



and a^ = (0, 0, 0, ioo 



respectively, since ( 4.51 ) and ( 4.54 ) are equivalent, 
(xiv) At Planckian propagation energy scale E ~ ^, the contribution of the tadpole 
in Fig. ^ tends to a finite fixed value, between ([4.52| ) and ( [4.53[ ). Due to the effects 
of K-Minkowski statistics, this depends on the direction of the propagation, the Planck- 



ian propagation energy and the deformation parameter a. In this way (4.51)/(4.54) and 



(4.52)/(4.53) represent K-deformed dispersion relations and produce a birefringence effect 
1 65, 66] of the massive scalar field mode, which arises as a genuine effect at first order in 
a. It is similar to the birefringence effect of the chiral fermion field in truncated Moyal 
^-product theories ||66|| . 

(xv) Considering full renormalization, besides the dm'^ counterterm, the other divergent 
parts have to be added as counterterms to the action ( 3.12| ) as well: 



/ 



d'^x{C + Cct) = S[(j)B,mB,XB,S,B,aB] 



where index B denotes bare quantities and it is assumed that the counterterms can be 
absorbed by redefinition of the already existing parameters. That would include analysis 
of 4 — point one-loop contributions, counterterms (//^) "^dX and (/i^) ~^6^, as well as 
2-loop expansion for the 2-point Green's function with insertion of counterterms in multi- 
loop diagrams. However, the full renormalization of our action ( [3.12 ) is anyhow beyond 
the scope of this paper and it is planned for our next project. 

Regarding the effects of statistics according to the described arguments, it is important 
to repeat that within first order in the deformation parameter a, effects of the deformed 



o 
o 

o 



o 
o 
o 
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statistics on K-Minkowski do appear in our hybrid model as semiclassical/hybrid behavior 
of the first order quantum effects, thus showing birefringence of the massive scalar field 
mode. We believe that this property of such a constructed model, is of importance for 
further possible research towards quantum gravity. At higher orders in a the matter would 
become growingly interesting and complicated. 
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